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Optical propertiesIn this paper, we have studied the effect of electron–phonon (e–p)
interaction on the second harmonic generation (SHG) and third
harmonic generation (THG) of modiﬁed Gaussian quantum dots
within the framework of the compact density matrix approach
and iterative method. We have obtained the energy eigenvalues
and their corresponding eigenfunctions of the system without e–
p interaction and under the inﬂuence of electron–LO phonon, elec-
tron–SO phonon, and electron–LO + SO phonon interaction. It is
found that the effect of the electron–phonon interaction has a great
inﬂuence on the second and third harmonic generation of the sys-
tem. The effect of electron–SO phonon on the SHG and THG is
greater than the electron–LO phonon. The electron–LO + SO-pho-
non interaction has the largest contribution to the SHG and THG.
 2014 The Authors. Published by Elsevier Ltd. This is an open
access article under the CC BY-NC-ND license (http://creativecom-
mons.org/licenses/by-nc-nd/3.0/).1. Introduction
In the past few decades, an increasing interest has been devoted on the topic of optical properties of
nanostructure systems like quantum dots and quantum wires. Hitherto, the electronic and optical
properties of quantum dots have been widely studied [1–6]. With development of the novel nanofab-
rication technologies such as chemical lithography, molecular beam epitaxy (MBE), etching method
and Stranski–Krastanov, it has been possible to fabricate semiconductor quantum dots with various
geometrical shapes and sizes like spherical, pyramidal, ellipsoidal, lens-shaped, cone-like [7–10].
164 R. Khordad, H. Bahramiyan / Superlattices and Microstructures 76 (2014) 163–173In the past few years, the various conﬁnement potential models have usually employed in the
study of physical properties of quantum dots. Examples of these models are parabolic potential
[11], Tietz potential [12] and asymmetrical Gaussian potential and spherical potential [13]. In addi-
tion, Adamowski et al. [14,15] and Xie [16,17] considered a new conﬁnement potential in quantum
dots which is called the spherical Gaussian potential. Also, Ciurla et al. [18] proposed a new class of
the conﬁnement potentials, called the power-exponential potentials. Recently, we have proposed a
new conﬁnement potential in quantum dots which is called the modiﬁed Gaussian potential [19].
The conﬁnement potentials can open a new ﬁeld in fundamental physics, and also offer a wide range
of potential applications for semiconductor optoelectronic devices.
It is fully known that the research in optical properties of low-dimensional structures can be
applied in the design of electronic devices as laser diodes. For this reason, optical properties of
semiconductor heterostructures have attracted much attention. Among various optical properties,
considerable attention has been devoted to the second harmonic generation (SHG) and third harmonic
generation (THG). In the past few years, several theoretical works have been done on the SHG and THG
of quantum wells, quantum wires and quantum dots. For example, Wang [20] calculated third
harmonic generation in cylindrical parabolic quantum wires with an applied electric ﬁeld. Also, he
and coworkers studied third-harmonic generation in cylindrical parabolic quantum wires with static
magnetic ﬁelds [21]. Third-harmonic generation in InAs/GaAs self-assembled quantum wires in both
theoretical and experimental cases was studied by Sauvage et al. [22]. Shao et al. [23] investigated
third harmonic generation in cylindrical quantum dot with an applied electric ﬁeld. Liu et al. [24]
studied the third order nonlinear optical susceptibility for InxGa1xN/GaN cylinder quantum dots.
They obtained an analytic formula by using the compact-density-matrix approach and an iterative
method.
Recently, great attention has been focused to the study of electron–phonon (e–p) interaction and
its effect on optical properties of nanostructures. It is obvious that the research on electron–phonon
interaction has become a main subject in the condensed matter physics. Hitherto, several authors have
studied the inﬂuence of the electron–phonon interaction on physical properties on nanostructures. For
ﬁrst time, Lucas et al. [25] studied the electron–phonon interaction in a dielectric conﬁned system.
Wendler developed the framework of the theory of optical phonon and electron–phonon interaction
for the spatially conﬁned systems [26]. Li and Chen [27] studied electron–phonon interaction in a
cylindrical quantum dot and they found that there exist two types of SO phonon modes. Xie and Chen
[28] have investigated the phonon contribution to the binding energy of the on center and off center
impurities in a spherical quantum dot. Li et al. [29] investigated the ground-state lifetime of bound
polaron in a parabolic quantum dot. Recently, we have studied the effect of electron–phonon interac-
tion on optical properties of a triangular quantum wire [30].
In practice, the study on the polaron effect has an important role in the physical properties of low-
dimensional quantum systems such as optical properties. So far, some works have been performed for
studying polaron effect on SHG and THG of nanostructures. For instance, Guo and Chen [31] presented
the polaron effects on second-harmonic generation in quantum well under an applied electric ﬁeld.
Zhang and Guo [32] studied the polaron effects on the second and third-order nonlinear optical sus-
ceptibility in asymmetrical semi-parabolic quantum wells. Lu and Guo [33] investigated polaronic
electron–phonon interaction on the THG in square quantum wells. Li and coworkers [34] investigated
polaron effects on the optical absorption coefﬁcients and refractive index change in a two-dimensional
quantum pseudodot. In 2008, Wang and Guo [35] investigated excitonic effects on the third-harmonic
generation for typical GaAs/AlGaAs parabolic quantum dots. We recently calculated the polaronic
energy shift for both ground-state and excited-state energy levels by applying the perturbative
approach in parallelogram and triangular quantum wires [36].
It is worth mentioning that more and more authors are paying considerable attention to the study
of the polaron effect of LO phonons in nanostructures. It is to be noted that the electronic and optical
properties of nanostructures change signiﬁcantly when the electron–LO-phonon interaction is consid-
ered. Although several works have been done about the polaron effects on the optical properties of
quantum dots, but the polaron effect on SHG and THG of modiﬁed Gaussian quantum dot has not been
studied so far. So, it is meaningful and important to calculate polaron effects on SHG and THG of a
modiﬁed Gaussian quantum dot by considering the electron–LO-phonon and electron–SO-phonon
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sidering the polaron effects and using the effective mass approximation. In Section 3, the analytical
expression for the SHG and THG are presented by using a compact density-matrix approach and an
iterative method. In Section 4, we present the numerical results and discussions. Finally, a brief con-
clusion is given in Section 5.
2. Theory and model
We consider a system in which an electron is moving in a polar crystal and interacting with bulk LO
phonons and SO phonons. Within the effective mass approximation, the Hamiltonian of the system is
given byH ¼ He þ HL0 þ HS0 þ HeLO þ HeSO; ð1Þ
whereHe ¼ 
h2
2m
r2 þ VðrÞ; ð2Þwhere m⁄ is effective mass of electron and V(r) is conﬁning potential. This potential can be written as
[19]VðrÞ ¼ V0sech2 rR
 
; ð3Þwhere V0 and R are the depth and range of the conﬁnement potential, respectively. The second and the
third terms in Eq. (1) represent the longitudinal optical (LO) phonon and the surface optical (SO) pho-
non Hamiltonian. They are given byHLO ¼
X
lmn
aþlmnalmnhxLO: ð4Þwhere l, m, n are integer numbers. Also, (l, m, n) denotes a state with a single quantum of mode. The
Third term in Eq. (1) is given byHSO ¼
X
lm
aþlmalmhxSO; ð5Þwhere aþlmn ðalmnÞ denotes the creation (annihilation) operator of the bulk LO and SO phonons with
wave vector k and frequencies xLO and xSO.
The fourth and ﬁfth terms in Eq. (1) stand for the Hamiltonian of electron–LO-phonon and
electron–SO-phonon interactions. They are given by [37]HeLO ¼ 
X
lmn
CLOlmnulmnðr; h;/Þa^ylmn þ h:c
h i
; ð6Þ
HeSO ¼ 
X
lm
alV lmðr; h;/Þa^ylm þ h:c
 
; ð7Þwhereal ¼ e11
ﬃ
l
p
le11 þ ðlþ 1Þedx1LO
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1
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e10
x21LO;
ð8Þ
Vlmðr; h;/Þ ¼ ðr=RÞ
lYlmðh;/Þ; r < R
ðR=rÞlþ1Ylmðh;/Þ; r > R
(
;where Ylm(h, /) are the spherical harmonic functions and
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Fig. 1. The matrix elements product (M01M12M20) as a function of the potential range R without e–p interaction and with
considering the electron-LO, electron-SO and electron–LO + SO phonon interaction for (A) V0 = 0.25 eV and (B) V0 = 0.35 eV.
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		 		2 ¼ 4pe2hx1LOR 1e1  1e0  1l2
ln
j2lþ1ðllnÞ
 
;
ulmnðr; h;/Þ ¼ jlðklnrÞYlmðh;/Þ:
ð9ÞHere kln = lln/R, that lln is the nth root of the lth order spherical Bessel function. We limit our consid-
eration to one-phonon absorption. By using the perturbation theory, the wave function of the system
can be calculated from the unperturbed wave function asjwii ¼ juii þ
X
j–i
huijHeLOjuji
Ei  Ej  hxLO þ
huijHeSOjuji
Ei  Ej  hxSO

 
juii: ð10ÞThe eigenfunctions and eigenvalues of the unperturbed system are known as [20]:ulmnðr; h;/Þ ¼ APmn ðtanhðr=RÞ þ BQmn ðtanhðr=RÞ
  Ylmðh;/Þ
lnð1þ tanhðr=RÞÞ  lnð1 tanhðr=RÞÞ ; ð11Þ
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Fig. 2. The geometric factor (M01M12M23M30) as a function of the potential range R without and with e–p interaction.
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h2
8mR2
2ðmþ nÞ þ 1
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9=;
2
; ð12Þwhere Pmn ðxÞ and Qmn ðxÞ are the associated Legendre functions. Also, A, B are the normalization
constants.
3. Second and third harmonic generation
In this section, we apply the density matrix formalism to obtain the second and third harmonic
generation a spherical quantum dot with modiﬁed Gaussian potential. When the system is excited
by an electromagnetic ﬁeld of frequency x such asEðtÞ ¼ Eeixt þ Eeixt : ð13Þ
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Fig. 3. The second harmonic generation as a function of photon energy for R = 4 nm and V0 = 0.25 eV. The ﬁgure has been
plotted for four cases: without e–p interaction, with the electron-LO, electron-SO and electron–LO + SO phonon interactions.
168 R. Khordad, H. Bahramiyan / Superlattices and Microstructures 76 (2014) 163–173The time evolution of one-electron density matrix q obeys the following Liouville quantum equa-
tion [38]:@qij
@t
¼ 1
ih
½H0  erEðtÞ;qij  Cij q qð0Þ
 
ij; ð14Þwhere q(0) is the unperturbed density matrix, H0 is the Hamiltonian of this system without the elec-
tromagnetic ﬁeld E(t), and q is the electronic charge. The symbol [,] is the quantum mechanical com-
mutator, C is the phenomenological operator responsible for the damping due to collisions among
electrons, and etc. Eq. (14) is usually solved by using iterative method,qðtÞ ¼
X
n
qðnÞðtÞ; ð15Þwith@qðnþ1Þij
@t
¼ 1
ih
H0;qðnþ1Þ
 
ij  Cijq
ðnþ1Þ
ij 
1
ih
qr;qðnÞ
 
ijEðtÞ: ð16ÞAfter obtaining the density matrix, we have calculated the electronic polarization P(t) and susceptibil-
ity v(t) asPðtÞ ¼ e0vð1Þx eEeixt þ e0vð2Þ2xeE2e2ixt þ e0vð3Þ3xeE3e3ixt þ c:c; ð17Þ
where vð1Þx ;vð2Þ2x, and v
ð3Þ
3x are the linear susceptibility, second-harmonic generation, and third-harmonic
generation, respectively. The electronic polarization of the nth order electronic polarization follows,PðnÞðtÞ ¼ 1
V
TrðqðnÞqrÞ; ð18Þwhere V and q are the volume of system and the one-electron density matrix. Also e0 is the permittiv-
ity of free space, and the symbol Tr (trace) denotes the summation over the diagonal elements of the
matrix.
In this paper, the expression of SHG susceptibility per unit area can be obtained by the following
relationvð2Þ2x ¼
e3
e0
X
i
X
j
1
2hxþ Eij  ihCij
X
k
MijMjkMki
ri  rk
hxþ Eki  ihCki 
rk  rj
hxþ Ejk  ihCjk
 
; ð19Þ
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Fig. 4. The same as Fig. 3, but for the third harmonic generation.
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andMij = |< i | r | j >| is the electric dipole moment matrix element. Here, we mainly focus on the near-
double-resonant approximation of SHG susceptibility. In this case, Eq. (19) can be written asvð2Þ2x ¼
e3
e0
r M01M12M20ð2hx E20  ihC20Þðhx E10  ihC10Þ : ð20ÞThe THG coefﬁcient per unit volume is given byvð3Þ3x ¼
e4
e0
rM01M12M23M30
1
ð3hx E21  ihC21Þð2hx E20  ihC20Þðhx E23  ihC23Þ


þ 1ð3hx E21  ihC21Þð2hx E20  ihC20Þðhx E30  ihC30Þ
þ 1ð3hx E23  ihC23Þð2hx E20  ihC20Þðhx E10  ihC10Þ
þ 1ð3hx E30  ihC30Þð2hx E20  ihC20Þðhx E21  ihC21Þ
þ 1ð3hx E30  ihC30Þð2hx E31  ihC31Þðhx E21  ihC21Þ
þ 1ð3hx E01  ihC01Þð2hx E31  ihGamma31Þðhx E32  ihC32Þ
þ 1ð3hx E21  ihC21Þð2hx E31  ihC31Þðhx E30  ihC30Þ
þ 1ð3hx E21  ihC21Þð2hx E31  ihC31Þðhx E01  ihC01Þ

ð21Þwhere M01M12M23M30 is the geometric factor.
4. Results and discussions
In this section, we have theoretically investigated the SHG and THG in modiﬁed Gaussian quantum
dots. The physical parameters used in our calculations are hC = 0.4 meV, hxLO = 36.25 meV.
It is well known that the SHG and THG depend on the product of dipole matrix elements
M01M12M20 and M01M12M23M30. Therefore, we ﬁrst study these products. In Fig. 1, we have presented
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phonon interactions and also without electron–phonon interaction as a function of the conﬁnement
potential range R for two different potential depths V0 = 0.25 and 0.35 eV. It is obvious from the ﬁgures
that the elements product is increased by enhancing the potential range and the electron–SO phonon
has a greater effect on the elements product than the electron–LO phonons. Also, when the potential
depth increases, the quantum conﬁnement increases and due to this enhancement, the broadening of
wave functions is decreased and the matrix elements product is decreased.
Fig. 2 shows the geometric factor (M01M12M23M30) as a function of potential range R for two differ-
ent potential depths V0 = 0.25 and 0.35 eV. As the same as Figs. 1 and 3, we have plotted the geometric
factor without and with the electron–phonon interaction. It is seen from the ﬁgures that the geometric
factor is enhanced by increasing the potential range and also the effect of the electron–SO phonon on
the geometric factor is greater than the electron–LO phonons. Also, when the potential depth
increases, the geometric factor is decreased.
In Figs. 3 and 4, the SHG and THG are presented as a function of photon energy for R = 4 nm and
V0 = 0.25 eV. The ﬁgures have been plotted for four cases: without e–p interaction, with the elec-
tron-LO, electron-SO and electron–LO + SO phonon interactions. From the ﬁgures, it can be clearly
seen that the SHG and THG enhance and shift toward lower energies due to the electron–phonon
interactions. This is due to the negative energy corrections of energy levels. It is to be noted that
the wave function of electron becomes wider and also the matrix elements product is increased
due to the electron–phonon interactions (see Figs. 1 and 2). It is observed from the ﬁgures that the
effect of electron–SO phonon on the SHG and THG is greater than the electron–LO phonons.
Figs. 5 and 6 show the SHG and THG as a function of photon energy for two different values of the
potential depths as 0.25 eV and 0.35 eV with R = 6 nm. The ﬁgures have been plotted without the e–p
interaction and with electron–LO + SO phonon, electron–SO phonon and electron–LO phonon, respec-
tively. It is obvious from the ﬁgures that SHG and THG enhance and shift toward lower energies due to
the electron–phonon interactions. It is fully known that the quantum conﬁnement increases when the
potential depth is enhanced. So the electron wave function becomes more localize and the energy dif-
ferences are increased. For these reasons, the SHG and THG are decreased and shift toward higher
energies by increasing the potential depth. Also, one can see from the ﬁgures that the SHG and THG
have considerable changes due to the electron–phonon interactions.5. Conclusion
In the present work, we have investigated the polaron effect on the optical properties of a modiﬁed
Gaussian quantum dots. We have presented the effects of electron–LO-phonon, electron–SO phonon
and electron–LO + SO phonon interaction on the SHG and THG in the modiﬁed Gaussian quantum
dots. According to the results, it is found that the SHG and THG decrease with increasing the potential
depth. We have deduced that the peak positions and peak values of the SHG and THG can be controlled
by both the potential range R and the potential depth V0. Moreover, we have found that the SHG and
THG is enhanced when we take into account the electron–phonon interaction. The effect of electron–
SO phonon on the SHG and THG is greater than the electron–LO phonon. The results show that the e–p
interaction play an important role in the SHG and THG of the modiﬁed Gaussian potential. Therefore,
theoretical studies may make a great contribution to experimental studies, may have profound
consequences as regards improvements of practical devices and may open up new opportunity for
practical exploration of the quantum size effect in devices.
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